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In this essay, we introduce the cyclotomic polynomial ®,,(x) over Q for each n € N.
We give various formulas for its computation. Moreover, we prove that it is the irreducible
polynomial of any primitive n-th roots of unity over Q with integer coefficients.

1 Definition and Computation

Definition 1.1 (Cyclotomic Polynomial). For any n € N, we define the n-th cyclotomic
polynomial to be

o, (x) = H (z — e2mik/m),
1<k<n
ged(k,n)=1

In other words, it is the monic polynomial having exactly all primitive n-th roots of
unity as its roots. We note that deg ®,(z) = ¢(n) is the Euler’s phi function.

Proposition 1.2. For any n € N,

H‘I)d<l‘) =z" -1

dn

By considering the degrees of both sides, we see that }_;, ¢(d) = n, which is a well
known fact from basic number theory. In fact, as we will see, the proofs behind these two
identities are essentially the same. Nevertheless, the best way to understand Proposition
1.2 is to compute a not-so-trivial example rather than giving a rigorous proof. The general

argument can be done by exactly the same idea, which is left as an exercise.
Example 1.3. Let’s take n = 6 as an example. Then we want to check that
P ()P (2)P3(x)Pg () = 25 — 1. (1)

We first consider the right hand side. Put (g := €2™/6. Then the roots of 2% — 1 are precisely
all sixth roots of unity:

(o, (2,8, ¢ch 2,8 =1) = {627ri/6’e47ri/6’667ri/6’687ri/6,6107ri/676127ri/6 —1).
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On the other hand, by Definition 1.1, we see that the left hand side are

@y (2) = (2 — ),

@ (a) = (2 — /%),

@y() = (2 — /) (5 — 1713,
B() = (2 — 27/ (z — £1070)

Notice that both sides of (1) are monic and have exactly the same roots. So they must be
identical.

The key observation in the proof of Proposition 1.2 is the following: Any n-th roots of
unity is a primitive d-th roots of unity for some unique d | n. And conversely, any primitive
d-th roots of unity where d | n must be an n-th roots of unity. (For example, emi/6 — g2mi/3
is a sixth roots of unity, which is also a primitive third roots of unity.)

In this manner, one shows that both sides of the equation to be proved have exactly
the same roots. Since they are both monic, the equation follows. We further mention that
what we are really concerning is the “fractions” on the exponents. And this idea is highly

similar to one of the common proof of the identity 3_;,, ¢(d) = n.
Proposition 1.4. ®,(z) is a monic polynomial with integer coefficients for all n € N.

Proof. We proceed by induction on n. The base case is trivial. So suppose the statement

holds for any kK =1,...,n — 1. From Proposition 1.2 we know
[[24(z) = @n(@) - ] Palz) =2 - 1.
din din
d#n
So

®,(z) = 2" — 1/ I ®a(x). (2)
din

d#n
By induction hypothesis, all terms in the product are monic with integer coefficients, thus
so is the denominator. This implies that ®,,(x) € Z[z] by long division algorithm. O

Example 1.5. Note that (2) provides a method to compute ®,(x). As an example, let us
find ®g(z). Then we have
2% -1

s(z) = B (2) Do (2)Pa(z)

And by Definition 1.1, we see that
Oi(z) =z - =1,
Bo(x) =a — ™2 =g 41,
By(x) = (x — 2™/ M) (x — 5N = (z — i) (x +14) = 2% + 1.



So
a8 =1

(x—1)(z+1)(z2+1)

Pg(x) = =2t + 1.

Note that in order to compute ®,(z) using (2), it is required to find ®4(z) first for
all proper divisors d of n. This sounds quite indirect and inefficient. So below, we give
another formula of ®,,(z) which resolves this problem, i.e., the one which involves no prior

knowledge of ®4(x) (Proposition 1.8).

Definition 1.6 (Mdbius Function). For any n € N, we define the Mébius function p(n) to
be
1, if n = 1.
pu(n) = (=1)", if n=py---p, where p; are distinct primes.

0, otherwise.

The Mobius function is ubiquitous in number theory and possesses lots of nice properties.
The one we are going to use is the following:

Lemma 1.7. For any n € N,

1, ifn=1,
> uld) = s

Proof. The case n = 1 is trivial, so let us consider n > 1. We write n = p{* ---p&" into
prime factorization where each o; > 1 and p;, p; are all distinct. Then every divisor d of n
is of the form d = pfl .- -pr where 0 < §; < o for all ¢. Note that from Definition 1.6, we
only need to consider when §; = 0,1 for all i, because otherwise, u(d) = 0. Grouping these
divisors of n by the number of their prime divisors, we see that

> uld) = (1) + Y ppi) + Y ppipg) + - + plpr - py)
din i

i#j
—1+ (1)( 1)+ <;>(—1)2+ + < )(-1)*
= (1+ (-
=0.

Proposition 1.8. For alln € N,



Proof. With Lemma 1.7 in hand, this formula is now fairly easy and immediate. One sees
that

w(n/d)
H(:Ud 1)mn/d) — H H Oy (z by Proposition 1.2

dln din \ k|d

dn kld
_ H o ( Zd/ 7 u d’)
kln
= ®,(z) by Lemma 1.7.

The only thing that needs to be explained more is perhaps the third equality. Roughly
speaking, what we are doing in there is to collect all ®(z) in that double product for each
fixed divisor k of n. Precisely, one observes that for each such k, we have

| d divides n and k divides d p = { d' | d’ divides — b .

d k
(If this is still not clear for you, consider an explicit example: n = 60 and k = 6 is probably
good enough.) O

We mention that in the above proof, we were simply applying the Mdbius inversion

formula.

Example 1.9. Let us use Proposition 1.8 to compute a slightly larger example: ®15(z).
Note that the divisors of 18 are d = 1,2, 3,6, 9, 18, which correspond to

p(18/1) | p(18/2) | p(18/3) | w(18/6) | n(18/9) | p(18/18)
o | o [ 1 | -1 | -1 |

So by Proposition 1.8, we have

23— 1) (218 — )
1) = ((xe _11))((959 - 11)) —at et

See how nice this formula is? When n/d is not square-free, we can simply ignore it!

Remark 1.10. Using the same method, it is also very easy to compute (7) that

Bros(x) = o8 4 21T 4 216 _ 218 _ pA2 _9pAl 540 439 4 036 4 35
Loty 33 82 031 98 26 24 22 020 4 17 16

—|—l‘15—|—$14+x13+$12—$9—$8—21’7—CL‘6—$5+$2—|—I’+1.



What’s interesting about the number 105 is the fact that it is the smallest positive integer
whose corresponding cyclotomic polynomial has coefficients other than 0,1, —1!. (In case
you didn’t see it, there are —2 in the z*! and x"-terms.) Let’s call this property P. So the
follow-up questions are perhaps:

e What causes 105 having property P (if there is a reason)?
e What about the other numbers? Can we classify all numbers satisfying P?

e Are there any deeper reasons or more advanced theory that are related to P?

2 The Irreducibility

Proposition 2.1. &, (z) is irreducible in Q[z] for all n € N.

Proof. By Gauss lemma, it’s sufficient to show that ®(z) := ®,(x) is irreducible in Z[x].
Suppose ®(z) = f(x)g(x) where f(z),g(x) € Z[z]. Since ¢, = €>™/™ is a root of ®(z),
we have either f((,) = 0 or g(¢,) = 0. We say without loss of generality that f(¢,) = 0.
Moreover, we may also assume f(x) is irreducible in Z[z]. This implies that f(z) is the
irreducible polynomial Irrg((,) of ¢, over Q. Our goal is to show that f(z) = ®(z). And
since we already have f(z) | ®(z), it’s enough to show that

@) [ @-¢)|f).

1<k<n

ged(k,n)=1

That is, we want to show that f(¢¥) =0 for all 1 < k < n with ged(k,n) = 1.

First, we consider when k = p is a prime and claim that f(¢h) = 0. In fact, we will
claim a slightly more general result that if f(¢) = 0 where ( is any primitive n-th roots of
unity, then f(¢{?) = 0 for all prime p with p {n.

Since (P is again a primitive n-th roots of unity, it is also a root of ®(z). Thus, we have
0= ®(¢P) = f(¢P)g(¢P). If f(¢P) = 0, we are done. So suppose on the other hand that
g(CP) = 0. We prove that this will lead to a contradiction.

Let h(z) := g(zP) € Z[z]. Note that h(¢) = ¢g(¢?) = 0. This means f(z) | h(x) as
f(z) =Irrg(() (recall f(¢) =0 by the assumption and f(x) is irreducible). We then write
h(z) = g(aP) = f(x)a(x) for some a(z) € Z[z]. By considering the coefficients modulo p,
we have

h(z) = g(z") = g(z)" = f(z) -a(x) € (Z/pZ)[z].

Note that if f(z) and g(z) are relatively prime, then so are f(x) and g(x)?, which is absurd.
So we know f(x) and g(z) have a common factor in (Z/pZ)[x], say d(z) € (Z/pZ)[z] where

!The On-Line Encyclopedia of Integer Sequences (OEIS): smallest order of cyclotomic polynomial con-

taining n or —n as a coefficient
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degd(x) > 1. Now, by Propositions 1.2 and 1.4 (see (2) also),
F(@)9(@) = ®(x) | 2" — 1 in Zfa].

This implies
d(x)? | f(z)g(x) = ®(z) | 2" — 1 in (Z/pL)[x].

So we may write 2™ — 1 = d(x)? - b(z) for some b(z) € (Z/pZ)[r]. By differentiating both
sides, we have
na" ' = 2d(2)d (z) - b(z) + d(z)? - b (2)

which is non-zero (recall p { n) and divisible by d(z). But this is a contradiction because
d(z) | 2™ — 1.

We have shown that if f(¢) = 0 where ( is a primitive n-th roots of unity, then f(¢?) =0
for all prime p with p f n. We now use this to prove our desired result. Let 1 < k < n
with ged(k,n) = 1. We write k = py - - - p, into product of prime numbers (not necessarily
distinct). Note that p; fn for all i = 1,..., 7. Recall that since f((,) = 0 where ¢, = €2™/"
is a primitive n-th roots of unity and p; t n, so by our claim we have f(¢h') = 0. Next,
since ¢h! is also a primitive n-th roots of unity and ps { n, so by our claim again, we have

F(CE*P?) = 0. Repeating this argument, we see that

0= f(Cn) = F(CBY) = F(CRMP2) = -+ = f(CRVPm) = f(C).

And this is exactly what we want. O

Remark 2.2. We have also shown that Irrg((,) = ®,(z) for any primitive n-th roots of
unity ¢,. So the degree of the field extension Q(¢,)/Q (the n-th cyclotomic extension) is
[Q(¢n) - Q] = deg P (z) = ¢(n).

Remark 2.3. Let A be a polynomial ring over a finite field and k be its field of fractions.
We think of A and k as the analogs of Z and Q, respectively. Then there is the analogous
notion of Carlitz cyclotomic polynomials over k. And everything we have seen in this essay
(and more) has a parallel statement under this setting. In fact, their proofs are essentially
the same. A good reference to this topic is [Pap23, Chapter 7.1].
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