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In this essay, we draw a connection between two notions of “minimal polynomials” in

linear algebra and field theory. We also use this to investigate the norm and trace for a

finite extension of fields.

1 Characteristic Polynomial and Minimal Polynomial

Recall the following two notions of minimal polynomials in linear algebra and field theory.

Definition 1.1. (1) (Linear algebra) Let T be a linear operator on a finite-dimensional

vector space over F . The minimal polynomial p(x) ∈ F [x] of T is the monic polynomial of

least positive degree for which p(T ) = T0 is the zero operator.

(2) (Field theory) Let E/F be a field extension and α ∈ E be algebraic over F . The

minimal polynomial (or irreducible polynomial) of α over F , denoted by IrrF (α), is the

unique monic irreducible polynomial over F which has α as a root.

We also recall that any polynomial g(x) ∈ F [x] with g(T ) = T0 is necessarily divisible

by p(x), and any polynomial g(x) ∈ F [x] with g(α) = 0 is necessarily divisible by IrrF (α).

Due to the similarities between these two notions of minimal polynomials, we expect that

there is a connection between them. This is illustrated in the following proposition.

Proposition 1.2. Let E/F be a finite extension of fields. For each α ∈ E, consider the

F -linear operator Tα : E → E given by Tα(v) := α · v for every v ∈ E.

(1) The minimal polynomial p(x) of Tα is equal to the minimal polynomial IrrF (α) of α

over F .

(2) The characteristic polynomial f(x) of Tα is equal to IrrF (α)
[E:F (α)].

Proof. (1) We write IrrF (α) = xn + cn−1x
n−1 + · · ·+ c0 ∈ F [x]. Note that for each v ∈ E,

IrrF (α)(Tα)(v) = (Tn
α + cn−1T

n−1
α + · · ·+ c0 idE)(v)

= αnv + cn−1α
n−1v + · · ·+ c0v

= (αn + cn−1α
n−1 + · · ·+ c0) · v = 0.
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So IrrF (α)(Tα) is the zero operator on E. This implies that p(x) | IrrF (α).
On the other hand, write p(x) = xm+dm−1x

m−1+ · · ·+d0 ∈ F [x]. Then we know p(Tα)

is the zero operator on E. In particular,

0 = p(Tα)(1)

= (Tm
α + dm−1T

m−1
α + · · ·+ d0 idE)(1)

= αm + dm−1α
m−1 + · · ·+ d0

= p(α).

So α is a root of p(x). This implies that IrrF (α) | p(x).
Since p(x) and IrrF (α) are both monic, we can now conclude that p(x) = IrrF (α).

(2) Consider the tower of field extensions F ⊆ F (α) ⊆ E. We let {1, α, . . . , αn−1}
be the canonical F -basis of F (α) and {β1, . . . , βk} be any F (α)-basis of E. Then it is

straightforward to check that

{β1, αβ1, . . . , αn−1β1, β2, αβ2, . . . , α
n−1β2, . . . , βk, αβk, . . . , α

n−1βk}

is an ordered basis of E over F . Let IrrF (α) = xn + cn−1x
n−1 + · · ·+ c0 ∈ F [x]. Then from

αn + cn−1α
n−1 + · · ·+ c0 = 0,

one sees that the matrix representation of the linear operator Tα : E → E, v 7→ α · v with

respect to this ordered basis is


A

A
. . .

A


︸ ︷︷ ︸

k copies

, where A =



−c0

1 −c1

1 −c2
. . .

...

1 −cn−1


n×n

.

So the characteristic polynomial of Tα is f(x) = det(xIn − A)k. It is a standard exercise

that (see [FIS19, Exercise 4.3.24])

det(xIn −A) = xn + cn−1x
n−1 + · · ·+ c0 = IrrF (α).

This shows that f(x) = IrrF (α)
k = IrrF (α)

[E:F (α)].

2 Norm and Trace

Recall the following definitions of norm and trace in field theory.
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Definition 2.1. Let E/F be a finite extension of fields. For each α ∈ E, let Tα : E → E be

the F -linear operator given by Tα(v) := α ·v for every v ∈ E. We define the norm NrE/F (α)

and trace TrE/F (α) of α to be the determinant and trace of Tα, respectively. That is,

NrE/F (α) := det(Tα) and TrE/F (α) := tr(Tα).

Proposition 2.2. Let E/F be a finite extension of degree n. For any α ∈ E, let IrrF (α) =

xm + cm−1x
m−1 + · · ·+ c0 be its minimal polynomial. Then

NrE/F (α) = (−1)nc
n/m
0 and TrE/F (α) = − n

m
cm−1.

Proof. It is a standard exercise in linear algebra (see [FIS19, Exercise 5.1.20 and 21]) that

the constant term (resp. the coefficient of xn−1) of the characteristic polynomial f(x) of Tα

is (−1)n det(Tα) (resp. − tr(Tα)). By Proposition 1.2, we see that

f(x) = IrrF (α)
n/m

= (xm + cm−1x
m−1 + · · ·+ c0)

n/m

= xn +
n

m
cm−1x

n−1 + · · ·+ c
n/m
0 .

Hence, we have

c
n/m
0 = (−1)n det(Tα) = (−1)nNrE/F (α)

and
n

m
cm−1 = − tr(Tα) = −TrE/F (α).
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